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An examination is made of thermal diffusion of cesium vapor in hell- 
urn. Calculations of the diffusion coefficients and the thermal diffu- 
sion ratio are made from an evaluation of the thermal diffusion flux 
during condensation of cesium from a mixture containing helium. 

It is well  known that  in gases ,  in addit ion to con-  
cen t r a t i on  diffusion,  which is p ropor t iona l  to the g ra -  
dient  of r e l a t i ve  concen t ra t ions  or the pa r t i a l  p r e s -  
s u r e s ,  t he re  occurs  t h e r m a l  diffusion,  p ropor t iona l  
to the t e m p e r a t u r e  gradientS.  The k ine t ic  theory  of 
t r a n s p o r t  phenomena  in r a r e f i e d  gases  has been deve l -  
oped by Enskog and Chapman [1, 2]. This  theory  leads  
to the following exp re s s ion  for the flux gl (in m a s s  
units)  of one component  of a two-componen t  m i x t u r e  of 
ideal  gases :  

M1PDls  Ms  

Pl RT ( M~ --  Ms) ~ + M~ 

[ l �9 (I) 

The f i r s t  t e r m  on the r ight  of (1) d e s c r i b e s  concen-  
t r a t ion  diffusion,  and the second t h e r m a l  diffusion.  At 
not too low t e m p e r a t u r e s  the t h e r m a l  diffusion ra t io  
k T for m i x t u r e s  of all  o rd ina ry  gases  (nonionized) is 
pos i t ive ,  if the subsc r ip t  1 denotes  molecu les  with the 
l a r g e r  m a s s  or  having the l a r g e r  d imens ions  [2, 3]. 
These  molecu les  then move because  of t h e r m a l  diffu- 
s ion in the d i r ec t ion  of lower  t e m p e r a t u r e s .  The 
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Fig.  1. The diffusion coeff ic ient  O12, em 2] 
/ s e e  for  a mix tu re  of ce s ium and he l ium:  
1) for  P = l0 S N/m2; 2) 0.6 �9 105; 3) 0.4 �9 

�9 i 0  ~. 

t h e r m a l  diffusion d i s p l a c e m e n t  of mo lecu l e s  of the 
second component  is in the opposite d i rec t ion .  When 

the mi x t u r e  t e m p e r a t u r e  is lowered,  k T d e c r e a s e s ,  
and a point  of i n v e r s i o n  may  be r eached  when the sign 

of k T changes .  
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2. T h e r m a l  di f fus ion ra t io  k T for  a 
m i x t u r e  of c e s i u m  and he l ium.  

The flux g2 of the second component  of the two- 
component  mix tu re  is equal  in magni tude  to the flux 
gl, and opposi te ly  d i rec ted .*  

The theory  of Enskog and Chapman leads  also to 
r e l a t i ons  d e t e r m i n i n g  the coeff ic ients  D12 and k T.  The 
speci f ic  fo rmulas  may  be found in [2]. In ca lcu la t ions  
the L e n n a r d - J o n e s  potent ia l  

�9 ~2 (r) ---- 4e~2 [(alJr) TM - -  (ate/r) G] (2) 

is o r d i n a r i l y  used for the potent ia l  ene rgy  of i n t e r a c -  
t ion of nonpola r  mo lecu le s .  

The p a r a m e t e r  el2 d e t e r m i n e s  the depth of the 
potent ia l  well ,  while the p a r a m e t e r  a12 is p ropor t iona l  
to the d i s t ance  be tween  mo lecu l e s  at which the poten-  
t ia l  energy  r e a c he s  a m i n i m u m  (r = ~r2(~12). 

The quant i t i es  el2 and a12 a re  usua l ly  d e t e r m i n e d  
with the aid of the combina t ion  r u l e s  

~ls = V~1~2_~ , ( 3 )  

ols = (~n + ~ss)/2, (4) 

where  the quan t i t i es  eil ,  ~22, ~11, and ~22 r e f e r  to the 
components  of the mix tu re .  Use of the combina t ion  

*In e l e m e n t a r y  t r e a t m e n t s  it is u sua l ly  a s sumed  that 
the opposing mo l a r  f luxes a re  equal in absolu te  m a g n i -  
tude, and not  the m a s s  fluxes,  as follows f rom the 
s t r i c t  theory.  However,  when the d i f f e rences  in the 
m o l e c u l a r  weights  a re  not  la rge ,  th is  does not lead to 
i m p o r t a n t  d i f f e rences .  
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ru les  leads  to compara t ive ly  good r e s u l t s ,  if the c o r -  
responding  p a r a m e t e r s  for the mix tu re  components  do 
not differ  subs tan t i a l ly  f rom one another .  

La t e r  in this  paper  we shal l  cons ide r  a m ix t u r e  of 
ce s ium vapors  and of c e s i u m  and he l ium vapor.  In 
this case  the p a r a m e t e r s  eli  (for ces ium)  and e22 (for 
hel ium) a re  marked ly  different ,  and the ca lcula t ion  
accord ing  to fo rmula  (3) is evident ly  un re l i ab le .  How- 
ever ,  d i r ec t  data on the p a r a m e t e r s  el2 and oh2 a re  
ava i lab le  for a m ix tu r e  of ce s ium and he l ium.  Robin-  
son [4] has shown that ca lcu la t ions  based  on the shift  
of hyperf ine  s t r u c t u r e  of spec t r a l  l ines  of c e s i u m  in a 
mix tu re  with he l ium a re  in a g r e e m e n t  with tes t  data 
if it  is a s sumed  that ei2/k = 40.8 ~ K and fl2 = 3.39 i .  
These  values  a re  a lso used  in our  ca lcu la t ions .  

The va lues  of the coeff ic ient  D12 and k T were  ca l -  
culated f rom the f i r s t  approximat ion .  The second and 
subsequent  approx imat ions  usua l ly  give ve ry  sma l l  
changes  in the values  of D12 , but can lead to m o r e  
subs tan t i a l  change for the values  of K T [2]. However,  
for the purposes  of the following ana lys i s ,  it wil l  be 
adequate to r e s t r i c t  ou r se lve s  to the f i r s t  approx ima-  
t ion. It should be noted that the value of k T is  ve ry  
sens i t ive  to a d i f fe rence  in the m o l e c u l a r  weights in 
the mix tu re .  For  c e s i u m  M l = 132.9 and for he l ium 
M 2 = 4. We should the re fo re  expect  compara t i ve ly  
l a rge  values  of k T. 

In the ca lcu la t ions  of k T, bes ides  the values  of el2 
and fl2, we a lso  r e q u i r e  the va lues  of Ell  , f i l l ,  E22~ and 
a22. For  he l ium the va lues  a s s u m e d  were  e22/k = 10.22 ~ 
K and o-22 = 2.58 ~ [2]. Fo r  ce s ium,  accord ing  to 
e s t ima t e s  f rom the boi l ing  t e m p e r a t u r e  e l l / k  = 1108 ~ K, 
and accord ing  to m e a s u r e m e n t s  of the volume of the 
molecu le  in the sol id phase o-ll = 5.4 A [5]. Robinson 
[6], f rom ca lcu la t ions  us ing  the above value of cri2 , ob- 
ta ined  for ce s ium ~11 = 4.55 i and e l l / k  = 4.49 ~ K (in 
[6] this  is given in e r r o r  as 4490 ~ K). The d i f fe rence  
in the values  of ell  is subs tan t i a l ,  but ,  in the case  of 
sma l l  content  of c e s i u m  in the he l ium,  this  has ,  in 
fact, l i t t le  inf luence on the ca lcu la t ions  of k T. 

The values  found for D12 (for s e v e r a l  p r e s s u r e s )  and 
of k T (for a low content  of c e s i u m  in hel ium) a re  shown 
graph ica l ly  in Figs .  1 and 2. 

The theory  of Enskog and Chapman was developed 
re la t ive  to r a r e f i e d  gases .  However,  the c o r r e c t i o n s  
for dense  gases  at p r e s s u r e s  of the o rde r  of s e v e r a l  
a tmosphe re s  a re  s t i l l  not subs tan t i a l ,  and the theory  
of Enskog and Chapman is val id.  The r e s e r v a t i o n  
should be ment ioned,  however ,  that  the theory  in 
quest ion,  while giving good r e s u l t s  in ca lcu la t ions  of 
diffusion coeff ic ient  and other  s i m i l a r  t r a n s p o r t  coef-  
f ic ients ,  is not suff ic ient ly  accura te  for ca lcu la t ion  of 
t he rma l  diffusion.  P a r t i c u l a r l y  l a rge  devia t ions  may 
occur  in the v ic in i ty  of the i n v e r s i o n  t e m p e r a t u r e  [7]: 
However,  the t e m p e r a t u r e s  of i n t e r e s t  to us a re  r e -  
mote f rom the i nve r s ion  t e m p e r a t u r e ,  which c o r r e s -  
ponds to a value kT/e l2  = 0.95. W i t h  the a s s u m e d  
value of ei2/k , the inversion temperature for a mix- 

ture of cesium and helium is equal to ~39 ~ K. Calcu- 

lation shows that for the temperature region 400 ~ 

i000 ~ K and above, the thermal diffusion ratio k~ de- 

pends very little on the temperature. Figure 2 there- 

fore gives only one line corresponding to the tempera- 
ture range indicated. Within the framework of the 
theory considered, kT does not depend on pressure. 

It is noteworthy that for small values of pl/P (up to 
0.04-0.06) k T ~ pl/P (Fig. 2). At larger values of 
pl/P, k T < pi/P. Usually the thermal diffusion con- 
stant s T = [kT/ (p l /P ) ]  (1 - p l /P)  for  m ix tu re s  of v a r i -  
ous gases  is  marked ly  l e s s  than unity [2, 8], i . e . ,  k T < 
< (pl /P)(1 - p i / P ) .  With i n c r e a s i n g  d i f fe rence  in the 
mo l e c u l a r  weights (masses)  of the molecu les  of the 
m i x t u r e  c~ T i n c r e a s e s .  For  M i >> M2 (when (M 1 - M2)/ 
/ (M 1 + M2) ~ 1) and in the case  when the in t e rac t ion  of 
the mo lecu l e s  obeys a L e n n a r d - J o n e s  potent ial ,  a T is 
somewhat  l e s s  than 0.4 for p l / P  = 0.5 and kT/a l2  > 10 
[8].* Our ca lcu la t ions  whose r e s u l t s  a re  shown in Fig.  
2, show that  for  sma l l  p l / P  = 0.5, the va lues  of s T for a 
mix tu re  of ce s ium and he l ium a re  c lose  to unity for 
kT/e l2  > 10, s ince  k T ~ p l / P .  Es t ima te s  that  we made  
for a m i x t u r e  of ce s ium and argon [(M 1 - M2)/(M 1 + 
+ M2) = 0.54] for the case  p l / P  = 0.02 and kT/e12 > 10 
gave k T ~ 8 �9 10 -a and oz T ~-- 0.4. Thus,  for a reduct ion  
in the d i f fe rence  in the m a s s e s  of the molecu les  the 
value of s T was marked ly  reduced.  

Using the va lues  of D12 and k T found, we shal l  det-  
e r m i n e  the fluxes of concen t ra t ion  diffusion and t h e r -  
mal  diffusion for the case  of condensa t ion  of sma l l  
addit ions of c e s i u m  in he l ium at the sur face  of a 
cooled tube.** The only other  thing to be allowed for is 
that  when the re  is condensa t ion  (or evapora t ion  and 
other  p r o c e s s e s  with change of volume of any com-  
ponent  in the gaseous  phase) an addi t ional  m a s s  diffu- 
s ion  flux a r i s e s ,  usua l ly  cal led the Stefan flux [3]. 
The diffusion flux of the f i r s t  (condensing) component  
may  be wr i t t en  as 

MIPD12 M2 
gi ---- - -  - -  X 

RT (M~-- M2) pdP + M2 

• grad-- f i -+  gradT -t-W~ Mlp~. (5) 
RT 

The l a s t  t e r m  on the r ight  of (5) d e s c r i b e s  t r a n s f e r  
of m a t e r i a l  with a m a s s  flux whose veloci ty is W M. 

The flux of the second component  ( iner t  gas),  al low- 
ing for the m a s s  flux WMM2(P - p l ) /RT,  m u s t  be equal 
to zero,  s ince  the condensa t ion  sur face  is i m p e r m e -  
able for th is  component ,  while the total  p r e s s u r e  mus t  
be  the same  eve rywhere .  The condi t ion  that the flux 
of the second component  mus t  be zero  gives 

WM ~ gl RT/M2 (P -- P~), (6) 

*The ca lcu la t ions  were  made for  a L e n n a r d - J o n e s  
potent ia l .  Ca lcu la t ions  for  s i m p l e r  i n t e rac t ion  po- 
t en t i a l s  (for example ,  taking into account  only col-  
l i son  fo rces  which fall off accord ing  to a power law 
with d is tance)  may give s m a l l e r  va lues  of the t he rma l  
diffusion diffusion cons tan t  a T .  
**We shal l  c o n s i d e r  a case  with such sma l l  concen-  

t r a t ions  of c e s i u m  in he l ium that the ce s ium vapor  in 
the boundary  l a ye r  at the condensa t ion  su r face  wil l  
not become  ove r sa t u r a t e d  anywhere  and no fo rma t ion  
of m i s t  wi l l  begin.  
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where  g; is the flux of the f i r s t  component  without the 
Stefan flux, given by formula  (1). 

Subst i tu t ing the value of W M i n t o  (5), we obtain 

M'PDP2 1 [grad P' ' ~ 1 
g~ . . . . .  RT 1 - -p l /P  --fi- ~- " gradT �9 

Allowance for the Stefan flux leads to a con t rac t ion  
of the quant i ty  [(M 1 - M2)pl/P ~. Ms] in the formula  for 
g~, but a co r r ec t i on  factor  1/(1 - p i /P)  h a s  appeared.  
In the case when the cont r ibu t ion  of the condens ing  
component  is smal l ,  the factor  1/(1 - p l /P )  is c lose  
to uni ty and may be omit ted.  But this  s t i l l  does not 
m e a n  that the m a s s  flux is very  smalI .  F r o m  the 
r e l a t ion  p resen ted  it may be found that  the f rac t ion of 
m a t e r i a l  t r a n s p o r t e d  with the m a s s  flux is (Mip l /P ) /  
/ [ ( M  1 - Ma)pi/P + Ma]. Fo r  a mix tu re  of ces ium and 
he l ium with a ce s ium content  of p l / P  = 0.02, this  
f rac t ion  is approx imate ly  equal to 0.4, while 1/(1 - 
- p i /P )  ~ 1.02. If p l / P  = 2 . 1 0  -4 (as will  be a s s u m e d  
in the subsequent  ca lcula t ions) ,  the f rac t ion  of ma t e -  
r i m  t r a n s f e r r e d  with the Stefan flux will  be sma l l  (of 
the o rde r  0.01). If the f i r s t  t e r m  in (5) is expres sed  
in t e r m s  of W M by means  of (6), we obtain 

M l P l  + M2 (P gi = - -  --PL) WM __ p W~, 
RT 

where  p = [Mlp 1 + M2(P - p l ) ] /RT is the m a s s  dens i ty  of 
the mix tu re .  

To s impl i fy  ca lcu la t ions  of condensa t ion  in tubes 
al l0wing for t he rma l  diffusion,  we make use of the 
concept  of the reduced f i lm [3] ins tead  of the boundary  
l aye r .  This  is a nomina l  mot ion les s  f i lm of gas en-  
c i r c l i n g  the tube, in which the p r o c e s s e s  of t r a n s p o r t  
a re  accompl i shed  by mo lecu l a r  act ion.  Outside the 
f i lm tu rbu len t  t r a n s f e r  cons ide rab ly  exceeds mo l e c u l a r  
and leads  to equ i l i b r ium of t e m p e r a t u r e s  or pa r t i a l  
p r e s s u r e s  (concent ra t ions) .  If we neglec t  the inf luence 
of su r face  cu rva tu re ,  the th i cknesses  of the t he r ma l  
6 T and diffusion d D reduced f i lms may be expressed  
by the fol lowing formulas :  

8~ = )~/a = d/'Nu, 

5 D = D~ja D ~ d/NUD. 

In the absence  of t h e r m a l  diffusion,  the t r a n s f e r  
diffusion coeff icient  is in t roduced by the r e l a t ion  

M ' a o P [ {  P, Pt 

where  (p l /P)v  and (p l /P)s  a re  the r e l a t ive  par t i a l  
p r e s s u r e s  of ces ium in the gas volume and at the tube 
sur face .  The c e s i u m  p r e s s u r e  at the tube sur face  may 
be cons ide red  equal to the sa tu ra t ion  p r e s s u r e  at the 
su r face  t e m p e r a t u r e  T s, i. e . ,  at the t e m p e r a t u r e  
a s s u m e d  by a f i lm of condensed  ces ium,  which is a 
good conductor  of heat.  The t e m p e r a t u r e  in the denom-  
ina tor  of the quant i ty  M2aDP/RT may be taken to be 
equal to the mean  t e m p e r a t u r e ,  or  even to the t e m p e r -  
a ture  T v in the gas volume.  It should be noted that  

1/2 X ~ T 1/2 and DI2/T ~ T , approx imate ly .  The re fo re ,  
when X is r ega rded  as a cons tant  as t e m p e r a t u r e  
changes,  it is r ea sonab le  to cons ide r  the ra t io  D12/T 

to b e  c o n s t a n t  a l s o  [3] ,  i . e . ,  the  q u a n t i t y  M I ( ~ D P /  
/RT) = Mi[(NuD/d)(DtzP/RT )[. 

Because  of the analogy between phenomena of  heat  
t r a n s f e r  and diffusion,  we may use  a s ingIe p a r a m -  
e t r i c  r e l a t ion  Nu = J(Re,  Pr) for both p r o c e s s e s .  In 

( tv / i ~7' Z] I 

Ts 

fv 

Fig. 3. Schematic of reduced films near the 

tube surface. 

determining NUD the thermal Prandtl number Pr = v/a 
in the parametric relation should be replaced by the 
diffusion parameter PrD = v/Dl2. The relation [9] 

Nu = A  Pr~ 

may be taken as a calculation relation, where the coef- 

ficient A and the exponent n are different in different 

ranges of Re. For example, for Re = 100-5000, A = 

0.665 and n = 0.47. 
In the case of sma l l  m o l a r  addit ions of ces ium to 

he l ium,  the coeff icient  k, v and a may be reduced  to 
those for pure he l ium.  Because  of the compara t ive ly  
sma l l  va lues  of D12 , it t u rns  out that P r  D > P r ,  i . e . ,  
at Nu D > Nu for ident ica l  values  of Re number .  The re -  
fore, 5 D < 6 T (Fig. 3). The diffusion flux due to con- 
cen t ra t ion  diffusion (without t h e r m a l  diffusion) is equal 
to 

g, ono= 7 - , ,  

MIDreP (p~i'P) v - -  (Pl, 'P} s 

RT v 8o 

The t e m p e r a t u r e  drop is loca l ized  in the t h e r m a l  
reduced  f i lm.  At the outer  boundary  of the diffusion 
f i lm the t e m p e r a t u r e  is 

. T  o = Y s + (Y v - - T  s )6D,:5 T. 

The t h e r m a l  diffusion flux en te r ing  the diffusion 
reduced  f i lm may be e s t ima ted  as 

M1DIeP kT Tv - -  Ts 
gitlf RT v T D 6, ' 

k T c o r r e spond i ng  to the o r ig ina l  concen t r a t i on  of ce-  

s ium in the gas volume.  
The given t h e r m a l  diffusion flux m u s t  r each  the 

wal ls ,  although, as we approach the wall  and as p i / P  
is reduced,  the t h e r m a l  diffusion ra t io  k T fai ls  off. 



t l 6  INZHENIqI{NOIFIZICttlCSKI[ ZfIUI{NAI~ 

But the Stel'an flux which is c r ea t ed  takes  par t  in the 
t r a n s p o r t  or c e s ium.  M o r e o v e r ,  with d e c r e a s e  of the 
t h e r m a l  diffusion flux inside the reduced  f i lm,  the 
gradient  p i / P  i n e r c a s e s ,  and so does  the c o n c e n t r a -  
t ion diffusion flux. The r e su l t ,  in fact ,  is  a d e c r e a s e  
in the th ickness  of the diffusion reduced  f i lm and an 
i n c r e a s e  of the grad ien t  in it (the broken  l ine in Fig.  
3). We may cons ide r  it to be approx ima te ly  t rue  that  
the total  diffusion flux gl of c e s i u m  to the tube s u r -  
face is equal  to the sum of the f luxes that  have been  

found, gmonc and glth- 

g , ' l ~  : ~ i ' - - - ~  

: ' [ I i 

I i I ~ i 

I 

! ' I_ L i 
0 I 2 3 4, ~ ~ IO ) 

Fig.  4. Diffusion flux of c e s i u m  gl, kg/m2 �9 see ,  

to the tube su r f ace  dur ing condensat ion  f rom a 
mix tu r e  with he l ium (P = 9.81 �9 104 N / m  2, (Pl/  

/ P ) v  = 2"10-41 T v =873 ~ K, W s = 373 ~ K: 1) for  

giconc;  2) glth; 3) gt. 

The ca lcu la ted  va lues  of diffusion f luxes a r e  shown 

in Fig.  4. It may be seen  f r o m  the f igure  that the t h e r -  
mal  diffusion flux cons t i tu tes  about 55% of the concen-  
t r a t ion  dif fus ion flux and about 35% of the total  dif-  

fusion flux. Of cou r se ,  the r e s u l t s  obtained a re  p a r -  

t i c u l a r l y  ten ta t ive  in na ture .  N e v e r t h e l e s s ,  it fol lows 
f r o m  them that in the case  of condensa t ion  of c e s i u m  
vapor  f r o m  a m i x t u r e  of c e s i u m  and he l ium,  we must  take 

account  of  t h e r m a l  diffusion (for l a r g e  t e m p e r a t u r e  

d i f f e rences ) .  

When we make a s t r i c t  examina t ion  of heat  t r a n s f e r  
in the gases ,  in addit ion to the t h e r m a l  flux p ropo r t i on -  

al to the t e m p e r a t u r e  gradient ,  we mus t  a l so  take into 
account  the hea t  flux p ropor t iona l  to the concen t ra t ion  

g rad ien t  {the Dufour effect) .  M o r e o v e r ,  we mus t  take 
into account  hea t  t r a n s f e r  due to flow of m o l e c u l e s  of 

the gas [1-3] .  The full e x p r e s s i o n  for the heat  flux q 
{allowing for the Stefan flux dur ing condensat ion)  has  

the fo rm 

q = - -  kgrad T q- RTle~ gl + 5 R T  gi . (7) 
(pJP) M i 2 M 1 

The second and the th i rd  t e r m s  s imply  e x p r e s s  the 
above heat  f luxes.  The th i rd  t e r m  has been  wr i t t en  

down for the case  of the mona tomic  gas hel ium pro-  
ceeding to the wall ,  the spec i f ic  heat  of 1 mole  of the 
he l ium being 5R/2  (at constant  p r e s s u r e ) .  

E s t i m a t e s  for a m ix tu r e  of c e s i u m  and he l ium show 
that in this case ,  when s t rong  t h e r m a l  diffusion is 
poss ib le ,  only the f i r s t  t e r m  in e x p r e s s i o n  (7) is ap- 
p rec iab le .  Even for p l / P  = 0.02, the second and th i rd  
t e r m s  toge the r  const i tu te  l e s s  than 3% of the f i r s t  
t e r m .  

NOTATION 

g~ and g2 a r e  the diffusion f luxes  of the components ;  

M 1 and M 2 a re  the i r  m o t e e u l a r  weights ;  P and P1 a re  
the total p r e s s u r e  and pa r t i a l  p r e s s u r e  of the f i r s t  

component;  D12 is the diffusion coef f ic ien t  for  a two- 
component  mix tu re ;  R is the u n i v e r s a l  gas constant;  T 
is the t e m p e r a t u r e ;  k T is the t he rm a l  diffusion ra t io ;  
r is the d i s tance  be tween mo lecu l e s ;  a and e a r e  the 
p a r a m e t e r s  of L e n n a r d - J o n e s  potent ia l  function; k is 
the B o l t z m a n n ' s  constant ;  W M is the Stefan mass  ve-  

loei ty;  O is the m a s s  densi ty  of mix tu re ;  6 T and 5 D 
a r e  the th ickness  of t he rm a l  and diffusion reduced  
f i lms ;  2, is the t he rma l  conduct ivi ty;  ce and c~ D a r e  the 

heat  t r a n s f e r  and diffusion t r a n s f e r  coef f ic ien ts ;  d is 

the tube d i a m e t e r ;  Nu --- ced/X and Nu D = C~Dd/D12 a r e  
the t h e r m a l  and diffusion Nusse l t  numbers ;  Re = W d / v  

is the k inemat ic  v i scos i ty ;  P r  = ~/cr and P r  D = v/Di2 
a re  the t h e r m a l  and diffusion Prand t l  numbers ;  c~ is 
the t he rm a l  dif fusivi ty;  q is the spec i f i c  heat  flux. 
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